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1. INTRODUCTION

Let K be a closed Jordan domain bounded by the closed Jordan curve I,
By the Riemann mapping theorem there exists a unique meromorphic
function

z == ‘/‘(C) = Pg + by + bl + by,

which maps | { | > 1 conformally onto the complement of X (p is the trans-
finite diameter of K). It is well known that ({) admits a continuous one-to-one
extension to | {| > 1. The Faber polynomials F,(z) = z* + --- associated
with the set K are defined (for z € X) by the expansion

‘//(D_ _ - Fa(z) —n
KD -z~ X P

The boundary I is said to be of bounded rotation [9] if it is rectifiable and if
there exists a real 2m-periodic function u#(f) having the following properties:

(i) u(f) is of bounded variation (this implies that the right- and left-
hand limits (6 +) and u(0—) exist for every 6).

(ii)) I has a right and left tangent at every point, and at the point
z = (e*) the angle between the positive real axis and the right (resp. left)
tangent to I" is equal to u(6—) (resp. u(6-+)). V = fﬁ" | d u(@)| is the toral
rotation of I

The class of closed Jordan domains whose boundary is of bounded rotation
will be denoted by BR. In particular, every bounded closed convex set
belongs to BR (except for one-point sets and line-segments).

362
© 1972 by Academic Press, Inc,



CLOSED JORDAN DOMAINS 363

We will denote the class of functions continuous on K and regular in the
interior of K by A(K). Every function fe A{K) can be associated with a
formal expansion:

o«

@)~ Y, cnFulz) p™, {t

=0

o
R

the so-called Faber expansion of f(z). The numbers

1 2 . )
—_ . s —ims . ) \
Cm = 5 fo F(e)) e ds m=20,12,..)

are the Faber coefficients of f(z); it is important to observe that, at the same
time, they also are the complex Fourier coefficients (for m > 0) of the
function f(y(e*)). Every summability method which, when applied to
Fourier series, gives a well approximating trigonometric polynomial, can,
in principle, be also applied to the Faber expansion (1.1) to give a polynomial
approximation of the function f(z) on the set K. We will use the de la Valiée
Poussin sums of the Faber expansion, but any other similar summability
method would be just as effective. The de Ia Vallée Poussin sums are poly~
nomials of degree (2n — 1) defined by the formula

2n—1

Ty, 4(2) = Z Al(gn)ckF £2) o7,
k=0

2n—k
7

where A =1 for 0<hk<<n, A= forn <k <2n—1.

The estimates we shall obtain for f(z) — T,,_,(z) will enable us to estimate
the order of polynomial approximation, i.e., to find good upper bounds for
the guantity

Pn(f: K) = inf max lf(z) - P(Z)‘,
PEIT, K

ell, ze

where 11, is the class of polynomials of degree n.

In the present paper we shall estimate p,(f, K) for the class of sets BR
and the class of functions A(K). Similar results have been obtained (for
other classes of sets and by different methods), among others, by Alper {1]
and Dzyadik [4, 6]. While our results are, in a certain sense, more general,
they do not imply (or are implied by) these earlier results.



364 KOVARI
2. STATEMENT OF RESULTS

THEOREM 1. Let K be a closed Jordan domain whose boundary I' is of
bounded rotation. Let f(z) € A(K). Suppose that the function F(0) = f(e*))
satisfies Dini’s condition

f"i‘)—gﬂdt << o0, @2.1)

where w(x) = w(F, x) is the modulus of continuity of F.
Let

wy(xX) = J: &EQ dt + w(x) 2.2)

(it is easy to show that lim, 4 w,(x) = 0).
Then, uniformly for-z € K:

7@ — Tana(] < Ao, ) 23)

where A is an absolute constant and V is the total rotation of I'. Thus, for p,
we have the estimate

0!
prnalfs K) < dg— o (5)- @4)

Let us observe that if £2, = Q(f, y) is the modulus of continuity of f(z) on
I’ (or on K), and Q, = Q(, x) is the modulus of continuity of (e?®), then
trivially,

w(x) < 2/(L(x)). (2.5)
COROLLARY 1. If w(x) is a “typical modulus of continuity”, i.e., such that,
for some q > 1, and some € > 0:

. wlgx)
< o) (2.6)

Jor every x, then (see Lemma 5.1 below):

wy(%) < Cox). (C = C, q)). 2.7

Hence, if w(x) = w(F, x) is a ‘typical modulus’, (2.3) and (2.4) can be replaced
by

. Vv vV 1

pulf; K) < Max [ (2) — Tena@] < Ci— 0 () < G- 2 (2 () @29

(C, = A,C). This upper bound is substantially the best possible (cf. [3]).
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N.B. (2.8) remains true (suppressing the link C,; V/7 w(1/n)) if, instead
of assuming that w = w(F, x) satisfies (2.6) for some g, we assume that
both £, and Q, satisfy (2.6) for every g. The justification is immediate.

From Theorem 1, we can derive the following two results as special cases:

THEOREM 2. Let K be a bounded closed convex set. Let f(z)e AK).
Suppose that 2(x) = QAx) = Q(f, x) satisfies Dini’s condition (2.1). Let

o= Qi_f) dt + Q). (2.9)
o !
Then, if p is the transfinite diameter of K,
) 2 . N
pulfs K) < max | f(2) — Tona(2) <2 42 () 10)

where A, is the absolute constant in (2.3).

COROLLARY 2 (see Lemmas 5.1 and 5.2). I, in addition, we assume that
Q; is a ‘typical modulus’ (cf. Corollary 1), then £,(x) < CQ(x), and hence

2
pulf, K) < max 1£(@) — Toa(@), < G2 (F). @11

(2.11) is clearly best possible, even for K == {z ] lz| < g} (c¢f [2)).

We shall say that the closed Jordan curve I' is piecewise conmvex if it is
made up of a finite number of convex arcs {i.e., ones which are convex from
the “inside” of I"). Every piecewise convex curve is of bounded rotation.

THEOREM 3. Let K be a closed Jordan domain whose boundary I is piece-
wise convex without any 0 external angles. Let f(z) € A(K). Suppose that
0 = Q(x) = Qf, x) satisfies Dini’s condition (2.1). Then, if 7o (0 < <1)
is the smallest external angle (the case: o =1 is covered by Theorem 2},
we have

Pl K) S max|f@) — T < G (L), @212

n*

where the constant Cy depends on K only, and £, is defined by (2.9).

COROLLARY 3 (see Lemma 5.1). If, in addition, we assume that £2; is
a ‘typical modulus’, then £,(x) << C82(x), and hence:

pulfs K) < max [ f(2) — Toura(2)| < Culds (

) (2.13)

P
ne

(2.13) is best possible (cf. [5)).
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Remark. If, in (2.12) o is replaced by o« — ¢, the conclusion holds for
every I'e BR which has no O external angles. (To verify this, compare
Lemma 3.2 and [8, Lemma 6]).

3. Proor oF THEOREM 1

We may assume (without loss of generality) that p = 1.
By the assumption that K< BR, we have the following representation
[10, Lemama 1] for the Faber polynomials:

Fie) = - [ e (s, 0), (3.1)

where
o(s, 0) = arg((e™) — (e™))

v(s, 0) is a function of bounded variation, and [11, p. 1133]
A2
[ 1dats 6 < 7, (3.2
0

where, as before, V is the total rotation of I,

Let 7= . ¢ be the complex Fourier series of F(6) = f ((e®)) and
let S50 . Ge® (&, = —ic, for k >0, = +ic, for k<0, & =0) be
its conjugate trigonometric series.

Applying (3.1), we obtain the representation

Tona(h(e™))

= ¥ MO0 F ()

2n—1

— Z A(n)ck__f ezktdv(t <P)

o7 ,2n—1

= i ( T Ape,e™) da(t, )

0

1 il 3 Ao gtk 1 (n)z ikt
= J 3 Co —!— Z (e e + ) > )‘[k;%e ; du(t, ¢).
My k=—(2n-1)

Let /(6) denote the conjugate function of F(6); it follows from the assumption
(2.1) that F(#) exists and is continuous. We write

FX(8) = %co + HEF(O) + F(0)).
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Then,

| Taaale) — = [P0 dtt ) |
| -l m e E ¥ {

27 2n—1 ) )
> A}‘Z{cke“‘t — F(t), dott, @)

k=-—(2n—1)

I
gl
[N

(=]

2n—1

1 227 S
4
2 Jo zk=_%a:n~1)

X et — F‘(t)% dut, ) %

2r—1

Z /\Y’zi)ckeikt —_ F(t) l I dtv(t, (P)l

k=—(2n-1)

1 w2
<57,

2n—1

Y Awmient — R | | d(t, ).

k=—(2n-1)

21

1
),

+

- E!; fzﬂ | Tan—a(t) — F()] | da(t, @)

0

2

1 m N o
g |V Fana®) = PO ittt ). (33

Here,

2n—1 .
Toaa) = 3 Afcelt
E=--2n41

and

2n—1 o )
7l.:2'rz—1(t) = Z /\I‘cmcl.:ezH
B==—2n+1

are the de la Valiée Poussin sums of F(f) and #(0), respectively. It is well
known [3] that

| Tana(t) — F(O)] < Ap,*(F)
and

I %Zn—l(t) '—F(Z)I < A.pn*(F)a

where p,*(F)and p,*(F) are the degrees of best approximations of F, respec-
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tively #, by means of trigonometric polynomials, and A is an absolute
constant. Thus, in view of (3.2), we obtain from (3.3) the inequality

Tonahe) = - [ FH0) dot, §) |
< 4o, B+ B} - || date, )
< B L (pu*(E) + pu (). (3.4)

It follows from the assumption (2.1) that the Faber series Z,::O c.Fi2)
converges uniformly to f(z) {5, Theorem 5; 8, p. 54]. Hence, the same holds
for the de la Vallée Poussin sums, and therefore, as a consequence of (3.4),
we must have

% f:wF () dp(t, §) = f((e™)) = F($). (3.5)

Substituting (3.5) into (3.4), we obtain

| Tana o) — FHEN] < 5 (pu )+ pa ¥}

Substituting: z = (e’%):

| Tans(2) — F@I <52 {pu (F) + pu*(F)} (36

for all ze I'. 1t follows now from the maximum principle that (3.6) holds
in fact for all ze K.

It is known [12, 5.9.2] that
- ( c 1
P )< Clo*E) + 3 5 p (P
v=n+1 4

and hence (C = 1)
Lo+ s 3 Loxm)l @)

y=n-+1

| Tona(z) — f(2)] < AC

ki)

By Jackson’s Theorem,

pu*(F) < Bos (F, ). 3.8)
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Substituting (3.8) into (3.7), and making use of the elementary inequality

w(IZ) < 2 w(tl) y
ty t 2

(cf. [12, 3.2.4]), we obtain that

| Taua®) — /@) < BAC Lo (1) 45 5 S (]

v=n+L v v
Vi o1 - 1 )
< ABC? ( (E) + v=-§n::ll ve (V) vy + 1) §

<ABC—Z—gw (%)T 5 f”” @) 1

p=n+1 ¥ v+l f 5

< ABC% %w (l) + f:/ fgl dtf!

which proves (2.3).

4, PROOFS OF THEOREMS 2 AND 3

Proof of Theorem 2. By a well-known result [5, p. 195]: | '(0)] < 2p
for | | = 1 (p is the transfinite diameter of X). Consequently, £2,(x) < 2px,
and hence

w(x) = w(F, x) < 2(2,(x)) < LA2px).

Hence, observing that V = 2x for convex curves, and applying (2.3),*
we obtain that

) — Toua(2)] < 24442, (22) 4 [ 220D 4

v
)

Thus (2.10) has been established.
Before proceeding to the proof of Theorem 3, we formulate a few lemmas.
It will be assumed throughout (without loss of generality) that p = 1.

1 In the special case when K is a line-segment, (2.3), strictly speaking, is not applicable,
since the boundary of K is not a Jordan curve. However, all the results remain vaiid in
this case.
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LemMa 4.1. [9]. If I' is of bounded rotation, the derivative of the mapping
Sfunction Y({) has the following integral representation:

, B —1—_ 27 ; eiz?
log #'(§) = - Jo log (1 — T) du(S)
(here u(9) has the same meaning as in the introduction).

LemMa 4.2. If I' is piecewise convex, and its smallest exterior angle is
am (0 < a < 1), then,

(D] < (“.1)

’Hn

(1"( [)H‘

Proof. Since u(P) is of bounded variation, we can write

U

u(®) = uH(®) — u~(9,
V| | du@®)] = | @) + | di(9),

where ut(#) and u—(#) are increasing functions. Suppose that the vertices
of I' are at the points

z;, = (") O<oH <ty <<, <2m),

and that the exterior angle at z; is woy, . Since I is piecewise convex, u~() is
a step-function; in fact,

@ =3 (1 — ).

O <&

Hence, applying Lemma 4.1,

log /(D) = ~ [ :" log (1 — —‘L;—) @) — Y (1 — o) log (1 — %)

k=1
where {;, = e™*, Hence, denoting the first integral by g({):

op~1

W) = es® H (1- b ) . 4.2)
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For g({) we have the estimate
1 27 eiﬁ- .
Re.g(ﬁ)ﬂ*T fo logil ~F idu &

i
< log2 [ @) < log2
T 0 T

Let
arg{ = 9, Il?;?[ﬂk—ﬁi{=28, miin13~—192-|:[:‘}~—§=51.
Then
| & — 94| =8 for k #}j,
and hence

|1 -4
| 4

> sin 8.

Thus, from (4.2) we obtain the estimate

LD < 2V (1 — Té—i)aj_l (sin §), %, ™ = t’f{:?:a;
=77

Since o = min; o; , we obtain (4.1) with B = max; 4; .

Lemma 4.3 (Hardy-Littlewood, [7, p. 361). If (0} is regular jor
1 L] > 1, continuous for | { | = 1, and

| (D] < —‘—’g—‘l—_g 0 <ax<<l),
(1 ——
1z
then H({) satisfies a Lipschitz condition with exponent con | [ | =1, ie,

Q,(x) < Bx~.
LemMA 4.4. Every closed Jordan curve I' satisfying the conditions of
Theorem 3, has the following property:

If z, and z, are points of K, then there exists a rectifiable path v in K,
Joining z, and z, , such that

lengthof y < iz — 2z,

where u depends only on K.
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We omit the proof of this lemma; the reader will have no difficulty in
supplying it.

LemMa 4.5. For every closed Jordan domain K satisfying the conditions
of Theorem 3, the inequality

Q,(mx) < mus2,(x) 4.3)

holds for every x > 0, and every positive integer m. The constant p depends
only on K.

This lemma is an easy consequence of the previous one.

CororLarY. For every real r > 1,
Qurx) < @+ 1) plu(x) “4.4)

Proof of Theorem 3 (we assume that p = 1). Applying Lemmas 4.2 and
4.3, we conclude that

2,(x) < Bx~.
Hence, applying (2.5) and (4.4),
w(x) = o(F, x) < 2:(Bx*) < (B + 1) pf24(x*), 4.5)
and
z (Ot
w0 < B+ Dp [ 2D 414 8+ 1) p2,).
0
Substituting s = ¢,

() < B+ Dpe || —‘-@ ds + 90 4.6)

(2.13) is now an immediate consequence of (2.3), (4.6) and (2.9).

5. STATEMENT AND PROOF OF LEMMA 5.1
LemMA 5.1, If w(x) is an increasing function for 0 < x < h, w(0) =0,
and if for some g > 1 and some € > 0,
w(gx)|e(x) = g¢ for every 0 < x < h/q,
then

f" o(t) dr < logq_
o ! 1—g=

w(x) for 0 <x<h
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Proof.
Al t L 3 t Lz wlg—"s
o ! n=0 ¥ ¢~ 1z t n=g ¥ &/q s
- — v ods - —
<Y olgme [ S=logg ¥ wlgx)
n=0 xlq 5 =0
N lo .
<logq-w(®) Y g7 = 2L u(x).
n=0 1 - g ¢
REFERENCES
. S. YA. ALPER, On the uniform approximation to functions of a complex variable on

closed domains (Russian), Izv. Adkad. Nauk SSSR Ser. Mat. 19 (1955), 423444,

. §. N. BernSTEIN, On the best approximation of continuous functions by polynomials
of given degree (Russian), Sobraniye Sochinenii 1 (1912), 11-104.

. CH. J. pE LA VALLEE-PoussIN, Lecons sur I’approximation des fonctions d’une variabie
réelle, Paris, 1919.

. V. K. Dzyapik, On the problem of uniform approximation for domains with corners
and on the problem of S. M. Nikolskii (Russian), fzv. dkad. Nauk SSSR Ser. Muat.
26 (1962), 979-824.

. V. K. Dzyapik, Converse Theorems in the theory of approximations in the compiex
domain (Russian), Ukransk. Mat. Zh. 15 (1963).

. V. K. Dzvapig, On the theory of uniform approximation of anaiytic functions in
closed domains and on the problem of S. M. Nikolskii Il (Russian), Izv. Akad. Nauk
SSSR Ser. Mat. 27 (1963), 1135-1164.

. G. M. Goruzin, “Geometrische Funktionentheorie,” Deutscher Verlag der Wissen-
schaften, Berlin, 1957.

. T. Kovart aND CH. PoMMERENKE, On Faber Polynomials and Faber expansions.
Math. Z. 99 (1967), 193-206.

. V. PaaTERO, Uber die konforme Abbildung von Gebisten, deren Rinder von beschrink-

ter Drehung sind. Amun. Acad. Sci. Fenn. Ser. A 33 (1931), 1-77.

CH. PoMMERENKE, Konforme Abbildung und Fekete-Punkte, Math. Z. 89 (1965},

422-438.

J. Rapon, Uber die Randwertaufgaben beim logaritmischen Potential, Sitz.-Ber.

Akad. Wiss. Wien Math. naturw. KI. 128 (1919), 1123-1167.

. A. F. TMaN, “Theory of Approximation of Functions of a Real Variable,” Pergamon
Press, New York, 1963.



